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Abstract
Defining a mathematically consistent (non-free) quantum field theory
in four space-time dimensions is a continuing challenge facing mathemati-
cal physicists for nearly eighty years. It justifies attempts at constructing
not entirely realistic conformal invariant models. We review two comple-
mentary projects of this type based on two inequivalent notions, infinite-
simal and global, of conformal symmetry. The first, based on joined work
with Gerhard Mack of the 1970’s, culminated in rearranging the pertur-
bation series in terms of divergence free skeleton graphs with dressed con-
formal invariant vertex functions and propagators [49], and in solving the
Schwinger-Dyson equations by a conformal partial wave expansion [22].
The second started (in a joined work with N. Nikolov [57]) by introducing
the notion of global conformal invariance (GCI) and proving rationality
of GCI Wightman functions. Recent and ongoing work with B. Bakalov,
N. Nikolov, K.-H. Rehren and Ya. Stanev on the local field positive energy
representations of the sp(∞,R) Lie algebra is (p)reviewed and discussed.
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1.1 Local causal automorphisms versus global conformal
transformations
Conformal invariance can be viewed as a local version of dilation symmetry1:
a rational (real) coordinate transformation g : x → y(x) (with singularities) of
Minkowski space M = R3,1 is said to be conformal if it multiplies the Lorentzian








The general conformal factor ω(x, g) satisfying the cocycle condition ω(x, g1 g2) =
ω(g2 x, g1)ω(x, g2) is found to be a quadratic function of x. In fact, according to
(an extension to four dimensions of) Liouville theorem the conformal group of
M is compounded by Poincare´ transformations, uniform dilations (y = ρx) for
which ω is constant (ω = ρ−1) and special conformal transformations x→ y(x, c)
which can be deﬁned as translations sandwitched between two conformal inver-
sions (x→ x/x2):











, ω(x, c) = 1 + 2 c x+ c2 x2
(1.2)
(c x = cx − c0 x0). Clearly, for any x = 0, ω(x, c) changes sign with varying
c ∈ M – and vanishes on a 3-cone (which degenerates into a hyperplane for
x2 = 0). It follows that, unlike the inﬁnitesimal interval (1.1), the square of a
ﬁnite interval may change sign under special conformal transformation:
y212 := (y1 − y2)2 =
x212
ω(x1, c)ω(x2, c)
for x12 = x1 − x2 , yi = y(xi, c) , i = 1, 2 .
(1.3)
The 15-parameter group of rational coordinate transformations thus des-
cribed is isomorphic to the factor-group SO0(4, 2)/Z2 of the connected group of
pseudo-rotation SO0(4, 2) with respect to its centre Z2 (involving the reﬂection
of all six axes). We shall use instead the spinorial conformal group
C = SU(2, 2) (1.4)
that is a double cover of SO0(4, 2) (and thus a four-fold cover of SO0(4, 2)/Z2).
C is not simply connected and has an inﬁnite sheeted universal covering group
C˜ that is not a matrix group.
1This point of view was expounded by Hermann Weyl (1885-1955) in his 1918 paper Gra-
vitation und Elektrizita¨t which ﬁrst introduced the notion of gauge symmetry – in the wrong
place. The attempt to unify on this basis gravity and electromagnetism was rightly dismissed
by physicists starting with Einstein. In the words of Michael Atiyah [4] the precious “infant”
(gauge theory) “was nearly thrown out with the bath water”.
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We thus have two inequivalent notions of conformal symmetry: (1) local
causal automorphisms of M [29] which preserve the causal order of events (and
in particular, the sign of the square interval) and are compounded by Poincare´
transformations, dilations and inﬁnitesimal special conformal transformations;
(2) ﬁnite (global) conformal transformations which only act without singularities
on the conformal compactiﬁcation M¯ of Minkowski space. It was Dirac2 [20]
who realized M¯ as a projective quadric in six dimensions
M¯  Q/R∗  S3 × S1/Z2 , Q =
{
ξ ∈ R4,2 ; ξ 2 :=
4∑
α=1




providing a manifestly conformal invariant description of massless wave equa-
tions. In fact, the conformal invariance of the classical Maxwell equations was
recognized earlier by Cunningham and Bateman3 [17] [9] soon after the notion
of a symmetry group entered physics with the work of Poincare´ and Einstein on
relativity.
1.2 Conformal invariance and critical behaviour in QFT
Discrete masses of atoms and elementary particles violate “the great principle
of similitude”4 (i.e. scale and, a fortiori, conformal invariance). The situation
in quantum ﬁeld theory (QFT) is still more involved – and more interesting:
dimensional parameters arise in the process of renormalization even if they are
absent in the classical theory. Dilation and conformal invariance can only be
preserved for a renormalization group ﬁxed point – i.e., for a critical theory, the
QFT counterpart of a point of phase transition. Modern mathematical study
of Feynman graphs (and renormalization) often neglect masses as an inessential
complication (see e.g. [11]). May be the study of an idealized critical theory with
no dimensional parameter will prove to be an essential step in understanding
QFT – just as Galilei’s law of inertia, that neglects friction, has been crucial in
formulating and understanding classical mechanics?
What does matter is the fact that conformal invariance opens new ave-
nues for attacking the central theoretical problem: constructing a consistent
4-dimensional QFT model. First, it allows to compute (dressed) propagators
and vertex functions [63] [68] and to write down a skeleton graph expansion
without divergences [49] which obeys a conformally invariant (bootstrap) form
of the Schwinger-Dyson equations [50] [60] – see Sect. 2. Secondly, soon after
2P.A.M. Dirac (1902-1984) was fascinated by projective geometry ever since his student
years in Bristol. He was probably the only one who praised the dismissed Weyl theory 55
years later, [21], saying that it “remains as the outstanding one, unrivalled by its simplicity
and beauty”.
3Ebenezer Cunningham (1881-1977) outlived his friend Harry Bateman (1882-1946) by
over 30 years. A keenly religious man and a music lover, he did not return to major research
projects after World War I.
4See Lord Rayleigh, The principle of similitude, Nature 95:2368 (March 1915) 66-68 and
644. John William Strutt – Lord Rayleigh (1842-1919) was awarded the 1904 Nobel Prize for
his discovery of the inert gas argon.
4
Wilson [86] introduced the notion of (small distance) operator product expansion
(OPE) two Italian groups, [12] and [28], proposed a way to write exact (global)
conformal invariant OPE. This was further developed leading to the notion of
conformal partial wave expansion and applied to the solution of the dynamical
(Schwinger-Dyson) equations, [45] [22] [23] as well as (later) to constructing
conformal composite operators in (ϕ3)6 and in QCD, [16]. (The work of the
1970’s is reviewed in [83] and in [30], for (alternative) subsequent developments
– see [31].)
All the above developments use local causal automorphisms (see Sect. 1.1)
(what is called weak conformal invariance in [38]); it implies global Euclidean
conformal invariance (and allows to construct a conformal QFT on the universal
cover M˜ = S3 × R, of compactiﬁed Minkowski space, [44]). The notion of
global conformal invariance (GCI) in Minkowski space [57], on the other hand,
is much stronger. It yields a higher dimensional counterpart of a chiral vertex
algebra (which became, in the 1-dimensional context, a rich mathematical theory
starting with [13] and the subject of textbooks and monographs – see e.g. [40]
[32] as well as the recent expository paper [18]). The work of the last ﬁve
years, which explores GCI [57] [55] [56] [58] [52] [59] [53], and the possibility to
construct a conformal QFT model on this basis, is reviewed in Sect. 3.
Let us stress from the outset that even the weaker assumption of local con-
formal invariance excludes the postulate of asymptotic completeness (except for
the uninteresting case of free massless ﬁelds). Thus the usual criterion for a
non-free model, the existence of a non-trivial scattering matrix, is not applica-
ble to a conformal QFT. It seems likely that a GCI model will also share the
local property of normal products of free ﬁelds discussed, say, in [14] and [15].
In order to make this survey relatively self-contained we collect some back-
ground material on the conformal Lie algebra and on the all important complex
variable realization of compactiﬁed Minkowski space ([82] [59] [58]) in Appen-
dices A and B, respectively.
To summarize: the paper reviews old and new eﬀorts to construct non-trivial
conformal QFT models. The organization of material can be read oﬀ the table
of content.
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2 Skeleton graph expansion for a critical Yukawa
theory
2.1 Anomalous dimensions. Conformal 2- and 3-point
functions. Positivity constraint
Feynman integrals produce (poly)logarithms, an observation that led to the
popular catchphrase “no logs – no physics”. Conformal QFT models induce us
rethink this “perturbative wisdom”. Indeed the leading logs in a 2-point func-
tion (or in the “wave function renormalization”) sum up to a power precisely
when the Callan-Symanzik β-function [79] vanishes (i.e. when the renormalized
charge g¯(g, µ) does not change under variation of the mass scale µ). This was
discovered in the context of the 2D Thirring model [86] [43] and led to the intro-
duction of anomalous dimensions5 in QFT. It signals a change of representation,
compared to the classical (or free quantum) ﬁeld of canonical dimension.
Conformal invariance allows to approach the construction of a critical the-
ory without appealing to standard perturbative expansions. The knowledge of
the ﬁeld dimensions allows to construct conformally invariant propagators and
vertex functions ([63], [68]). These are particularly simple in a scalar ﬁeld the-
ory. The time-ordered propagator of a (hermitean) scalar conformal ﬁeld φ of
dimension d is given (for an appropriately chosen normalization) by














x12 = x1 − x2 , x2 = x2 − (x0)2 (x2 = x21 + x22 + x23) . (2.1)
The general conformal 3-point Green’s function of a triple of scalar ﬁelds φi(x)
of dimensions di, i = 1, 2, 3 is written as a product of three “infraparticle”
propagators,
〈0 | Tφ1(x1)φ2(x2)φ3(x3) | 0〉 = C123 (x212 + i0)−δ3 (x213 + i0)−δ2 (x223 + i0)−δ1 ,
(2.2)
where the exponents δi obey the conservation of dimension law
δ1+ δ2 = d3 , δ1+ δ3 = d2 , δ2+ δ3 = d1 (δ3 = 12 (d1 +d2−d3) etc.) . (2.3)
The conformal invariant 2-point function of arbitrary irreducible spin-tensor
ﬁelds is uniquely determined (and explicitely constructed – see [46] [82]). For
reducible representations the uniqueness can be restored by demanding invari-
ance under some discrete transformations. Thus the propagator of a con-
formal Dirac ﬁeld ψ of dimension d′ is determined (up to normalization) if
5According to W. Nahm [51], “In 1964 Wilson conjectured that perturbations just introduce
some logarithmic corrections” to the canonical scaling, but then K. “Johnson familiarized him
with the Thirring model” which led to [86]. The notion of anomalous dimension (if not
the term) was encountered earlier in the critical Ising model, solved in 1944 by L. Onsager
(1903-1976). It was given a ﬁeld theoretic interpretation by L. Kadanoﬀ [41].
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we also demand invariance under space reﬂection: ψ(x0,x) → γ0ψ(x0,−x),
ψ˜(x0,x) → ψ˜(x0,−x) γ0∗, ψ˜ standing for the Dirac conjugate ﬁeld:















For a pseudoscalar ﬁeld φ the Yukawa type 3-point function in a space-reﬂection
invariant conformal theory (for φ(x0,x) going to −φ(x0,−x) under space re-
ﬂections) is given by (see Appendix B to [49])
〈0 | T (φ(x1)ψ(x2) ψ˜(x3)) | 0〉
= g x12 γ5 x13 (x223 + i0)
d




Remark 2.1. In general, the 3-point function of a tensor ﬁeld is not unique (even
after imposing natural discrete symmetries). For instance, the 3-point function
of the stress energy tensor involves three independent structures corresponding
to three free models: the massless scalar ﬁeld, the massless Dirac (or the 2-
component Weyl) ﬁeld, the free Maxwell ﬁeld – see [73].
Hilbert space positivity constraints the Wightman 2-point functions and
hence the dimensions of all ﬁelds in the theory. We shall illustrate what is going
on on the example of a scalar ﬁeld and will then formulate the general result.
The x-space Wightman function, w(x12), is a boundary value of an analytic
function w(x + iy) holomorphic in the backward tube T− where
T± =
{









In particular, w(x12) = 〈0 | φ(x1)φ(x2) | 0〉 diﬀers from (2.1) just by the “iε-




















a for a > 0
0 for a < 0 , limd→1
(−p2)d−2+
Γ(d− 1) = δ(p
2) . (2.8)
Wightman positivity means that the Fourier transform w˜(p) of w should be a
positive measure. This is satisﬁed if the integral (2.7) converges at the lower
limit (for pµ → 0), that is, for d not smaller than its canonical value, d ≥ 1.
In general, for (irreducible) conformal ﬁelds, 2-point positivity amounts
to unitarity of the corresponding representations of the universal cover C˜ of
the conformal group. The positive energy irreducible representations of C˜
have beeen classiﬁed by Mack [46]. They are induced by irreducible ﬁnite-
dimensional representations of the (covering of the) maximal compact subgroup
S(U(2)×U(2)) of G = SU(2, 2), labeled by triples (d; j1, j2) where d ≥ 0 stands
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for the minimal eigenvalue of the conformal Hamiltonian H (A.9) (see Appendix
A) j1,2 (∈ 12 N) are the SU(2) spins, the dimension of the inducing representation
being (2j1+1)(2j2+1). For Minkowski space ﬁelds d coincides with the scale di-
mension, while (j1, j2) label the corresponding ﬁnite-dimensional representation
of SL(2,C) (the quantum mechanical Lorentz group). For a non-trivial repre-
sentation ((d; j1, j2) = (0; 0, 0)) the unitarity (Wightman positivity) condition
reads
d ≥ 1 + j1 + j2 + θ(j1 j2) , θ(a) = 1 for a > 0 , θ(0) = 0 . (2.9)
The resulting representations are single-valued on C for integer twist d− j1− j2.
The ﬁelds corresponding to the boundary of the positivity domain (where the
equality sign in (2.9) takes place) satisfy free ﬁeld equations for j1 j2 = 0 or
conservation laws – for j1 j2 > 0.
2.2 Vertex functions, skeleton graphs, bootstrap equa-
tions
In order to write down a skeleton graph expansion – with no self-energy and
vertex function corrections – we need the “amputated” vertex function, obtained
from the 3-point Green’s function ((2.3) or (2.5)) by taking the convolution
with the inverse external lines’ propagators. The result can be reproduced (up
to a proportionality constant) by substituting the conformal dimensions di by
the corresponding “shadow6 dimensions” 4 − di, or equivalently, replacing the
exponents δi in (2.3) by 2− δi (see Sect. IIB and Appendix B of [49]).
The inequalities (2.9) for the conformal dimensions of interacting ﬁelds sug-
gest that the resulting dressed propagators have worse ultraviolet behaviour
than the free ones. It is all the more remarkable that the contribution corre-
sponding to an arbitrary skeleton graph in the above Yukawa model of meson-
nucleon interaction is given by a convergent integral for non-exceptional mo-
menta provided






This is the central result (proven in Sect. III) of [49]. It shows, in particular,
that the skeleton graphs with four pseudoscalar external meson lines are con-
vergent, in spite of the fact that the corresponding canonical Feynman graphs
are logarithmically divergent (the dressed conformal vertex functions providing
eﬀectively an ultraviolet cutoﬀ, which compensates for the slow decrease of
propagators).
The Schwinger-Dyson equations are implemented by Migdal’s bootstrap
equation [50] for the vertex function and by the generalized unitarity relation
of Parisi and Peliti [64] for the propagator. In our derivation ([49] Sect. IV)
we start with Symanzik’s7 form [77] of the integro-diﬀerential equations of the
6A terminology, introduced in [28] in the context of conformal OPE.
7Kurt Symanzik (1923-1983) has contributed more to this ﬁeld (as well as to many others)
than usually recognized: see (besides the above lectures) [78] [79] (where his β-function is
introduced), [80], [48] (where generalized unitarity and Ward identities involving the stress
energy tensor are considered).
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theory. After diﬀerentiation with respect to an external momentum (which an-
nihilates the constant gγ5-term) the resulting renormalized Schwinger-Dyson
equation for the vertex function is the same for all values of coupling constant
(and masses) and is therefore valid in the renormalization group ﬁxed point
(also called Gell-Man-Low limit theory). In the presence of anomalous dimen-
sions the requirement of dilation invariance ﬁxes the integration constant to zero
and one recovers Migdal bootstrap equation.
We thus end up with three equations – one for the vertex function and one for
each of the two (meson and nucleon) propagators – for the three dimensionless
constants, g, d and d′ in the theory. One can, therefore, hope that the resulting
conformal theory will involve no free parameters (or that there will be a discrete
set of solutions) – a hope that cannot be veriﬁed as long as we are unable to
solve the system of (highly non-linear) integral equations.
2.3 Conformal partial wave expansion. Discussion
Ordinary partial wave expansion is nothing but the tensor product expansion of
two irreducible (Wigner) particle representations of the Poincare´ group. Con-
formal partial wave expansion is, by deﬁnition, the tensor product expansion of
two irreducible positive energy representations of C˜. For the Wightman function
of a pair of conjugate scalar ﬁelds φ and φ∗ of dimension d and n− 2 arbitrary
local ﬁelds φi this expansion assumes the form
〈0 | φ∗(x1)φ(x2)φ3(x3) . . . φn(xn) | 0〉









φ(x3) . . . φ(xn) | 0〉 (2.11)
where
∏
κ is the orthogonal projection operator on the subspace of symmetric
traceless tensors of rank  and twist 2κ (i.e. of dimension 2κ + ). For a free
massless ﬁeld ϕ the twists are even integers so that κ takes positive integer
values. We assume that the “compact Hamiltonian” H (A.9) in a conformal
QFT has a discrete spectrum so that (2.11) involves no integral in κ. (This is
derived as a Corollary in [47] of an appropriate assumption about the existence
of OPE.)
The applicability of the expansion (2.11) is enhanced by the fact that one





κ−d Kκ(x12 ∂, x212)O2κ,(x;x12) |x=x2 (2.12)
where O2κ,(x; ζ) is a rank  symmetric traceless tensor ﬁeld contracted with ζ:
O2κ,(x; ζ) = O
µ1...µ







[α(1 − α)]+κ+n−1 eαt1 (−t2)n dα










the normalization being chosen in such a way that Kκ(0, 0) = 1.
It was Gerhard Mack [45] who realized that the inﬁnite set of dynamical
integro-diﬀerential equations for the conformal Euclidean Green’s functions (in-
corporating generalized-oﬀ-shell-unitarity) can be solved by the Euclidean (Spin
(5,1)-) partial wave expansion (cf. also [64]). For a scalar QFT model this pro-
gram is implemented in [22] [23]. The Yukawa model is dealt with (at least
formally) in [30].
The above discussion does not apply directly to gauge theories. One cannot
expect correlation functions of gauge dependent ﬁelds to be conformal inva-
riant. For instance, the general conformal invariant 2-point function of a gauge







, thus giving rise to a zero ﬁeld strength. Furthermore, the
general conformal and space-reﬂection invariant 2-point function of the Maxwell
ﬁeld,
〈0 | Fλ,µ1(x1)Fλ2µ2(x2) | 0〉
= {∂λ1(∂λ2 ηµ1µ2 − ∂µ2 ηµ1λ2)
− ∂µ1(∂λ2 ηλ1µ2 − ∂µ2 ηλ1λ2)}
1
4π2(x212 + i0 x012)
(2.15)
satisﬁes the free ﬁeld equations implying that the electromagnetic current va-
nishes (cf. [1] [7]; for – so far inconclusive – attempts to use indecomposable
representations of C in conformal quantum electrodynamics – see [62] [74]). One
can hope, however, to ﬁnd conformal correlation functions of gauge invariant
composite operators, a hope that appears to be fulﬁlled in the N = 4 super
Yang-Mills theory (see, e.g. [19] for a review, and [3] [34] [37] [66] for a sample
of more recent publications).
Composite conserved currents and the stress-energy tensor appear in the
OPE of mutually conjugate basic ﬁelds (like in (2.12) for κ = 1). Their pro-
perties are studied in [48] [73] [61] [2] among others. Such (observable) integer
dimension ﬁelds are not appropriate substitutes for basic ﬁelds appearing in
a skeleton expansion since the convergence result (cited in Sect. 2.2) does not
hold for integer d. By contrast, we shall argue in the next section that the GCI
postulate applies precisely to such ﬁelds and thus provides an alternative tool
for model building.
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3 Four-dimensional conformal field theories with
an infinite number of conserved tensor fields
3.1 From GCI in Minkowski space to higher dimensional
vertex algebras
The notion of global conformal invariance (GCI) in Minkowski space (not to
be confused with the weaker property of GCI on the inﬁnite sheeted cover M˜
of M¯ [44]) has been around for many years (and even appeared sporadically
in the literature [35] [38]) but was not fully explored until recently. Realizing
that a special conformal transformation (1.2) of a pair of points (x1, x2) with
non-lightlike x12 may change the sign of the interval x212 (according to (1.3))
makes one skeptical on the applicability of the stronger notion of GCI to a causal
ﬁeld theory. The story of our ﬁrst paper [57] on the subject has been a story
of how my young collaborator Nikolay Nikolov, who took GCI seriously, was
overcoming my skepticism.
The ﬁrst important consequence of GCI exploits precisely the counterin-
tuitive fact that spacelike and timelike pairs of points can be exchanged by
special conformal transformations.
Proposition 3.1. (a) The conformal group acts transitively on compacti-
ﬁed Minkowski space M¯ . The stability subgroup of a point is conjugate to
the Poincare´ subgroup P with dilations, which can be identiﬁed with the 11-
parameter automorphism group AutP of P, so that M¯ can be viewed as the
coset space
M¯ = C/AutP . (3.1)
(b) Any pair (p0 = {λ ξ0}, p1 = {λ ξ1}) of non-isotropic points of M¯ (ξ 20 =
0 = ξ 21 – see (1.5); ξ0 · ξ1 = 0) can be mapped onto any other such pair by a
conformal transformation.
A complete proof of this Proposition is given in the PhD thesis of Nikolov.
For a proof of (b) assuming (a) – see [57] Proposition 1.1.
Remark 3.1. The tip p∞ = {λ ξ∞} of the cone at inﬁnity (ξ∞ = (−1, 0, 0, 0, 0, 1)
for the embedding (B.9) of M in M¯ – see Appendix B) is left invariant precisely
by the Poincare´ transformations and dilations of AutP . The stability subgroup
of the origin x = 0 in Minkowski spaceM (corresponding to p0 = λ(1, 0, 0, 0, 0, 1)
in M¯) is the 11-parameter subgroup spanned by Lorentz transformations, di-
lations and the special conformal transformations (1.2) which are conjugate to
translations by the Weyl inversion w of Appendix A.
Local commutativity combined with the fact that timelike and spacelike
pairs of points can be transformed into each other (Proposition 3.1(b)) implies
the Huygens principle: local GCI ﬁelds commute for non-light-like separations.
For a ﬁeld ψ of conformal weight (d; j1, j2) (see Sect. 2.1) the Huygens princi-




N {ψ(z1)ψ∗(z2)−(−1)2j1+2j2 ψ∗(z2)ψ(z1)} = 0 , for N ≥ d+j1+j2 . (3.2)
Here z1,2 refer to the global complex variable parametrization of compactiﬁed
Minkowski space M¯ reviewed in Appendix B. In fact, as the z’s are related to the





(zα1 − zα2 )2 =
x212
ω(x1)ω(x2)
, x212 = (x1 − x2)2 − (x01 − x02)2 (3.3)
where the conformal factor ω(x) = 12 (x
2+1)− ix0 does not vanish for real x, an
equation identical to (3.2) would be also valid for the ﬁelds ψ(x) in M . What
does make the z-picture special is the fact that each ﬁeld can be represented by






(z2)n ψ{n,m}(z) , (3.4)
where ψ{n,m}(z) are (in general, multicomponent) operator valued homogeneous
(of degree m) harmonic polynomials. (The uniqueness of such a decomposition
and its relation to the representation theory of the rotation group are displayed
in [8].) Strong locality for such series can be interpreted as an algebraic relation.







ψ(z)⇒ [H,ψ{n,m}(z)] = (2n+ m + d)ψ{n,m}(z) .
(3.5)
The relativistic spectral conditions (including energy positivity), which ensure
stability of the vacuum, imply the analyticity of the vector valued function
ψ(z) | 0〉 in the compact picture tube domain T+ (B.5). It follows that
ψ{n,m}(z) | 0〉 = 0 for n < 0 . (3.6)




ψ(z) , Tα | 0〉 = 0 , (3.7)
together with (3.6) allows to establish the state ﬁeld correspondence: there
is a one-to-one correspondence between ﬁnite energy states v and translation
covariant strongly local ﬁelds (“vertex operators”) Y (v, z) such that
Y (v, z) | 0〉 = eT ·z v (v = Y (v, 0) | 0〉) . (3.8)
The properties (3.2) (3.4) (3.6) (3.7) allow a straightforward derivation of the
central result of [57] (Theorem 3.1).
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Proposition 3.2. For any set φ1, . . . , φn of strongly local GCI ﬁelds the formal
power series




nij 〈0 | φ1(z1) . . . φn(zn) | 0〉 , nij ≥ ∆ij (3.9)
is a (translation invariant, homogeneous) polynomial in z1, . . . , zn, ∆ij being
natural numbers only depending on the conformal weights of the ﬁelds φi(z) and
φj(z).
The fact that the Huygens principle together with the Wightman axioms
yields rationality of correlation functions has been noted earlier by Baumann
[10]. A more precise statement and a proof of Proposition 3.2 in the vertex
algebra formalism is given in Theorem 3.3 of [59] (see also [52]).
The mathematical properties of the above deﬁned higher dimensional vertex
algebras are investigated in [52] and [5]. Thermal elliptic correlation functions
of GCI ﬁelds and associated modular forms are introduced and studied in [59].
3.2 Model building: correlation functions and the twist-
two bilocal field
As reviewed in Sect. 2.1, 2- and 3-point functions are essentially uniquely deter-
mined by conformal invariance. By contrast, the 4-point function may depend,
















(In a D-dimensional space-time there are n(n−3)2 independent n-point cross-
ratios for 4 ≤ n ≤ D + 2; for all n ≥ D + 1 the number of the algebraically





.) Due to the rationality of correlation
functions (Proposition 3.2), however, including the restrictions on the degree of
singularity coming from Wightman positivity (the precise values of ∆ij – see
Proposition 4.3 of [57]) all correlation functions are determined within a ﬁnite
number of free parameters.
We shall illustrate this fact by writing down the 4-point functions of a scalar





(= 2d− 3 for d = 2, 3, 4)
independent parameters. In proving this (for D = 4 – see [55]) one uses the fact
that, as a consequence of Wightman positivity, the truncated n-point functions
(n ≥ 3) of a scalar ﬁeld have strictly weaker singularities than its 2-point func-
tion. One ﬁnds, in particular, that the truncated 4-point function of a d = 1
scalar ﬁeld vanishes identically (without having to use the free ﬁeld equation
and the Reeh-Schlieder theorem [75]).
We are looking for an irreducible model of a scalar ﬁeld, i.e. a model whose
ﬁeld algebra cannot be represented as the tensor product of two (commuting)
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local algebras. In particular, we assume that there is a unique stress-energy
tensor – i.e., a unique twist-two, rank-two (necessarily conserved) symmetric
traceless tensor T (z; v) = Tαβ(z) vα vβ (cf. (2.13)) that generates its own trans-
lations. We then deﬁne the central charge c by the normalization of its 2-point
function ([53]; cf. also [2])
〈0 | T (z1; v1)T (z2; v2) | 0〉 = 2 c3(z212)4
[4 (v1 r(z12) v2)2 − v21 v22 ] (3.11)
where
v1 r(z) v2 = v1 · v2 − 2 (z · v1)(z · v2)
z2
(r2(z) = 1I) (3.12)
and the normalization is chosen in such a way that c = 1 for the stress tensor of a
free hermitean massless scalar ﬁeld ϕ. With c so deﬁned we ﬁx the normalization
of φ(z) setting




Eqs. (3.11) (3.13) and the Ward-Takahashi identities for T then imply






























We shall review the study of the simplest model of a scalar ﬁeld φ of dimension
d = 2 ([55] [6]) and will only mention in passing the most promising model
with d = 4. The uniqueness of T implies that the scalar ﬁeld of dimension 2
necessarily appearing in the OPE of two φ’s is again φ, and moreover8






, i.e. c =
8 〈12〉 〈13〉 〈23〉
|〈123〉|2 .
(3.16)
We shall reproduce the truncated 4-point function of a hermitean scalar ﬁeld
of dimension d (wt4(·; d) = 〈1234〉 − 〈12〉 〈34〉 − 〈14〉 〈23〉 − 〈13〉 〈24〉) for d =
2, 3, 4. For d = 2, wt4 is again expressed in terms of the central charge c (as a


















































c (b0 J˜0(s, t) + b1 J˜1(s, t) + b2) (3.18)
8See [55], Sect. 2; a more general statement - without the uniqueness assumption - is also
valid [54].
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where J˜λ(s, t) are the crossing symmetric rational functions








(1− t)(1 − t2)
st




















+ bD(s, t) + b′Q(s, t)
}
(3.20)










(1 − t)(1− t2)
s








(1 − t)(1− t2)
s
(t−1 − 1 + t)− 2(t−1 + t3) + 1 + t2 + s(t−1 + t2)




D and Q are second degree polynomials:
D(s, t) = (1− t)2 − 2s(1 + t) + s2 , Q(s, t) = s + t+ st . (3.22)
These expressions are characterized by three conditions: 1) they are rational
GCI functions; 2) their poles in z2ij (i < j) have strictly lower degrees than the
poles of the corresponding 2-point function 〈ij〉; 3) they are crossing symmetric
– i.e., symmetric under any permutation of (z1, . . . , z4).
We shall make explicit the meaning of the third property. The permutation
group S4 has a normal subgroup Z2×Z2, generated by the double transpositions
s12 s34 and s14 s23 (s12 s34 s14 s23 = s13 s24), leaving invariant the cross-ratios s
and t. The factor group S4/Z2 × Z2, isomorphic to S3, acts faithfully on the
“amplidues” J˜λ, Jν , D, Q:








= J˜λ(s, t) ,








= J˜λ(s, t) , λ = 0, 1 ; (3.23)
if f(s, t) is any of the ﬁve functions 1st Jν(s, t), D(s, t), Q(s, t) then


















We shall analyse our models by writing down the OPE of two φ’s in the form
(z212)
d−1 [φ(z1)φ(z2)− 〈12〉] = V (z1, z2) + z212 V˜ (z1, z2) (3.25)
where V (z1, z2) = V (z2, z1) is a bilocal conformal scalar ﬁeld of dimension (1, 1)
whose OPE only involves twist-two conserved symmetric traceless tensor cur-
rents T2(z; v),
T2(z; v) = T2(z)α1...α2 v










T (z, v) ,
(3.26)
and every such current enters the OPE of V in local ﬁelds (so that the remainder,
V˜ (z1, z2), is expanded in twist four and higher ﬁelds only). This deﬁnition of V
has two immediate consequences: the orthogonality relations
〈0 | V (z1, z2) V˜ (z3, z4) | 0〉 = 0 = 〈0 | V (z1, z2) | 0〉 (3.27)
hold (as the vacuum expectation value of the product of two ﬁelds transform-
ing under two inequivalent irreducible representations of C vanishes) and V is
harmonic in each argument,





V (z1, z2) = 0 = ∆z2 V (z1, z2) (3.28)
(as a consequence of the conservation law for all T2 (3.26) – see Proposition 2.1
of [56]).
The bilocal ﬁeld V (z1, z2) has thus the properties of a normal product of free
ﬁelds and is, in fact, a simpler object than the original ﬁeld φ. It is therefore
important that for d = 2, V can be expressed in terms of φ, a result announced
in [55] (Proposition 2.3); two versions of the proof were sketched one in Sect. 2
of [55] and another in Appendix A.1 of [56].
Proposition 3.3. (a) The truncated n-point function of φ (n ≥ 3) is a sum of
1
2 (n− 1)! 1-loop graph contributions obtained from c [z212 z223 . . . z2n−1n z21n]−1 by
permutations σ of (2, . . . , n) identifying σ(2) . . . σ(n) with σ(n) . . . σ(2).
(b) Given (a) for 3 ≤ n ≤ 6 we can deﬁne V (z1, z2) by
V (z1, z2) = lim
z213→0
z223→0
{z213 z223 [φ(z1)φ(z2)φ(z3)− 〈123〉 − 〈23〉φ(z1)− 〈13〉φ(z2)]}
(3.29)
proving that the limit is independent of z3.
Sketch of proof. The statement (a) can be proven by induction, using the OPE
(3.25) and the harmonicity of V (3.28). We shall indicate here, on the example
of the 5-point function, a streamlined way to using the latter. Expanding the
5-point function 〈12345〉 with respect to z45 and keeping only the singular terms
we ﬁnd
〈12345〉 = 〈123〉 〈45〉+ 〈0 | φ(z1)φ(z2)φ(z3) V (z4, z5)
z245
| 0〉+ 0(1) .
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The space of GCI 5-point functions of weight (2, 2, 2; 1, 1) with the properties of
F (z1, z2, z3; z4, z5) = 〈0 | φz1)φ(z2)φ(z3)V (z4, z5) | 0〉 (3.30)





ij , ρij = z
2
ij , µij(≡ µji) ∈ Z ,
5∑
j=1
µij = − di (µii = 0)
i = 1, . . . , 5 , d1 = d2 = d3 = 2 , d4 = d5 = 1 . (3.31)



























= 0 for k = 4, 5 . (3.32)
(In the second equation we have used the homogeneity condition (3.31).) We
ﬁnd as a corollary that a monomial of type (3.31) cannot appear if there is a pair
(i, j), i = j such that µik < 0 and µjk < 0 for k = 4 or k = 5. Taking further the
growth and the symmetry conditions into account we ﬁnd the following general
form of F :
















The statement (b) is established by a direct computation noting that to
evaluate 〈0 | V (z1, z2)V (z3, z4) | 0〉 from (3.29) one only needs the n-point
function of φ for n = 2, 3, 4, 6.
Note that Proposition 3.3 is not valid for 1-dimensional z1,2.
3.3 Four-point functions and partial wave expansions of
twist-two bilocal fields
In order to study systematically the properties of harmonic bilocal ﬁelds we
begin with the obvious generalization of the OPE (3.25) to the case of a pair of
hermitean conjugate complex scalar ﬁelds ψ(z) and ψ∗(z) of (integer) dimension
d:
(z212)
d−1[ψ∗(z1)ψ(z2)− 〈12〉] = W (z1, z2) + z212 W˜ (z1, z2) (3.34)
whereW (z1, z2) is again harmonic (of dimension (1, 1)) but no longer symmetric,
satisfying instead
W ∗(z1, z2) = W (z2, z1) . (3.35)
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The general 4-point function of W can be written in the form






aν fν(s, t) (3.36)


















fν(s, t) = 0 (3.37)
such that fν(0, t) =
(1−t)ν
tν+1 . (The upper limit in the sum (3.36) comes from the
restriction on the degree of the pole in z214 z
2
23, allowed by Wightman positi-
vity.) The solution of (3.37) assumes a simple form in the higher dimensional
generalization [24] of the chiral conformal variables, u, u¯ related to s and t by:
s = u u¯ , t = (1− u)(1− u¯) ; u + u¯ = 1 + s− t , (u− u¯)2 = D(s, t) (3.38)
where the discriminant D(s, t) is given by (3.22). Regarded as a function of u
and u¯, fν(s, t) is given by




(1− u¯)ν+1 ν = 0, 1, 2, . . . . (3.39)
(The variables u and u¯ are complex conjugate to each other for real euclidean
zi (for which s ≥ 0, t ≥ 0, D(s, t) ≤ 0).)




u− u¯ , Gν(u) = u
ν F (ν, ν; 2ν;u) (3.40)











The lowest angular momentum contributing to the expansion of fν is L = ν.
The proof is given in Appendix B to [53].
Remark 3.2. The solution fν can be recovered if we identify Wν(z1, z2) by a
product of hermitean conjugate free massless ﬁelds of spin ν/2; in particular,
W0(z1, z2) =: ϕ∗(z1)ϕ(z2) : , W1(z1, z2) =: ψ∗(z1)z12 ψ(z2) : ,
W2(z1, z2) =: F ∗A˙1B˙1(z1)z
A˙1A2
12 zB˙1B212 FA2B2(z2) : , (3.42)
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where ψ(z) = {ψA(z), A = 1, 2} is a 2-component Weyl spinor, z is the 2 × 2
(quaternionic) matrix (B.14) – see Appendix B, FAB(z) (= FBA(z)) is a complex
spin 1 ﬁeld. Bilinear combinations of higher rank free spin-tensor ﬁelds do not
contain a stress-energy tensor in their OPE. Therefore, we shall not be interested
in Wν (and Vν) for ν > 2.
The sums Vν(z1, z2) = Wν(z1, z2)+Wν(z2, z1), ν = 0, 1, . . ., represent special
cases of symmetric bilocal ﬁelds with 4-point functions obtained from (3.36)
(3.39) by symmetrization in z1, z2:























− (−u)ν+1 − {u→ u¯} . (3.44)
We have, in particular,
j0(s, t) = 1 + t−1 , j1(s, t) = (1− t)(t−2 − 1)− s(t−2 + 1) ,
j2(s, t) = (1 + t−3) [(1− t)2 + s2]− s
t3
(2− t− t3 + 2 t4) . (3.45)
The three amplitudes (3.45) appear in the general 4-point function of a her-
mitean scalar ﬁeld L(z) of dimension d = 4(= D) which has the properties of
a (gauge invariant) Lagrangian density and provides the most attractive pos-
sibility for a physically interesting model [56]. The functions 1st Jν(s, t) (3.21)















where s23 is deﬁned in (3.24) and s13 (= s12 s23 s12) exchanges s and t; the
values of λν in (3.46) are chosen in such a way that t
2
s jν provides the leading
term in the small s expansion of 1st Jν .
Remark 3.3. In general, the contribution of all tensor ﬁelds of a given twist
to the OPE of two scalar ﬁelds is not a (strongly) bilocal ﬁeld: its correlation
functions are not rational (they involve hypergeometric functions of type (3.40)
which can be expressed in terms of logs - see [56]). It is all the more remarkable
that the twist two contribution W (z1, z2) or V (z1, z2) is a bilocal ﬁeld - as a
consequence of the wave equation (3.28) - with rational correlation functions as
displayed above. We shall use this fact in our analysis of the d = 2 case below.
3.4 The d = 2 case; the sp(∞,R)-algebra and its positive
energy representations
The theory of a (unique) hermitean scalar ﬁeld φ of dimension two (normalized
to satisfy (3.16) (3.17)) is reduced, in view of Proposition 3.3, to the study of a
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V (z1, z2)+ : φ(z1)φ(z2) : , V (z, z) = 2φ(z) ,
(3.47)
and whose 2n-point function can be read oﬀ the sum of 1-loop graphs giving
the truncated Wightman functions of φ (Proposition 3.3 (a)).
We shall see (following [55]) that V generates the inﬁnite dimensional Lie
algebra sp(∞,R) and that its general vacuum representation corresponds to
positive integral central charge c = N for which V has the properties of a sum
of normal products of N free massless scalar ﬁelds ϕi(z):
V (z1, z2) =
N∑
i=1
: ϕi(z1)ϕi(z2) : , [ϕi(z1), ϕj(z2)] = 0 for i = j . (3.48)
We shall also preview the results of [6] concerning general positive energy
representations of the vacuum “algebra of observables” [36] generated by local
ﬁelds.
As the commutation relations of V are representation independent (except
for the value of the central charge) they can be deduced, in view of (3.48),
from those of the free massless ﬁeld ϕ. The power series expansion (3.4) for ϕ
coincides with its decomposition into irreducible representations of type (n; j, j),




ϕn(z) , ϕn(λz) = λ−n−1ϕn(z) (3.49)




ϕ−nσ hnσ(z) , n ∈ Z× , h−n,σ(z) =
hnσ(z)
(z2)n
for n > 0; (3.50)
{hnσ(z), σ = 1, . . . , n2} is an orthonormal basis of homogeneous of degree n− 1
harmonic polynomials in zα, (with real coeﬃcients) and ϕ±nσ can be expressed





hnσ(z)), ϕ−nσ = ϕ∗nσ, n ∈ Z× (3.51)
(Z× is the set of non-zero integers). Here Reszf(z) is the unique translation





Let ua = (uaα) a = 1, 2 be real euclidean unit 4-vectors:
ua ∈ S3 , i.e. u2a = u2a + u2a4 = 1 , a = 1, 2 , u1 · u2 = cosα . (3.53)
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Then the canonical (Heisenberg) commutation relations for ϕn(u) and ϕnσ as-
sume the form:
[ϕn(u1), ϕ−m(u2)] = δnm
sinnα
sinα
, n[ϕnσ, ϕ∗mτ ] = δnm δστ . (3.54)
The sum in σ of hnσ(z1)hnσ(z2) is independent of the choice of basis:
n2∑
σ=1
hnσ(z1)hnσ(z2) = nHn(z1, z2) (3.55)
where Hn is the unique O(4)-invariant biharmonic bihomgeneopus polynomial
of degree (n − 1, n − 1) normalized by Hn(u, u) = n for u ∈ S3. According to
(3.54) its restriction to the product of unit 3-spheres is expressed in terms of
the hyperspherical (Gegenbauer) polynomial:
Hn(u1, u2) = C1n−1(cosα) =
sinnα
sinα
(u1.u2 = cosα) (3.56)
(H1 = 1, H2 = 2z1.z2, H3 = 4(z1.z2)2 − z21z22 , ...). The free 2-point function of
ϕ provides the generating function for Hn:
(z2)−1〈0 | ϕ( z
z2




Proceeding to the bilocal ﬁeld V , we shall write its mode expansion in the form
V (z1, z2) =
∑
n1,n2>0









The operator valued coeﬃcients X(∗)χ1χ2 and Nχ1χ2 where χi stands for the pair
(ni, σi) span the Lie algebra sp(∞,R) characterized by the commutation rela-
tions




χ3χ4 ] , (3.59)
[Xχ1χ2 , X
∗
χ3χ4 ] = δχ2χ3 Eχ4χ1 + δχ2χ4 Eχ3χ1 + δχ1χ3 Eχ4χ2




where δχ1χ2 ≡ δn1n2 δσ1σ2 (for χi = (ni, σi));
[Eχ1χ2 , Eχ3χ4 ] = δχ2χ3 Eχ1χ4 − δχ1χ4 Eχ3χ2 = [Nχ1χ2 , Nχ3χ4 ] ; (3.61)
[Eχ1χ2 , X∗χ3χ4 ] = δχ2χ3 X
∗
χ1χ4 + δχ2χ4 X
∗
χ1χ3 ,
[Eχ1χ2 , Xχ3χ4 ] = δχ2χ3 Xχ1χ4 + δχ1χ3 Xχ2χ4 . (3.62)
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Note that the central extension of sp(∞,R) (hidden in the c2 term in (3.60)) is
trivial and is incorporated in the redeﬁnition Nχ1χ2 → Eχ1χ2 . The operators
Xχ1χ2 and X∗χ1χ2 are conjugate to each other and symmetric (Xχ1χ2 = Xχ2χ1),
while the E’s satisfy
(Eχ1χ2)
∗ = Eχ2χ1 (3.63)
and span an u(∞) subalgebra. In view of (3.61) and (3.62) the Cartan elements









h generates the centre of the u(∞) subalgebra while the confor-







n(Eχχ − c2) . (3.66)
We are interested in unitary irreducible sp(∞,R) modules Hcm, m = (m11,
m21, . . . ,m24, . . . ,m1, . . . ,m2 , . . .) that possess a minimal energy normalized
ground state |c;m〉 deﬁned as follows. We ﬁx an order in the set of pairs χ
setting
χ1 = (n1, σ1) < χ2 = (n2, σ2) if either n1 < n2 or n1 = n2, σ1 < σ2 . (3.67)
We then require
Xχ1χ2 | c;m〉 = 0 for all χ1, χ2 ; Eχ1χ2 | c;m〉 = 0 for χ1 < χ2 ;
(hσ −mσ) | c;m〉 = 0 , (3.68)








The following result of [6] is a straightforward consequence of the deﬁnition.
Proposition 3.5. Hilbert space positivity and convergence of the series (3.69)
imply that m is a ﬁnite decreasing sequence of positive integers:
m11 ≥ m21 ≥ m22 ≥ m23 ≥ m24 ≥ m31 ≥ · · · ≥ 0 , mσ = 0 for  > r . (3.70)
for some ﬁnite non-negative r).
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Proof. For any χ = (, σ) we have





∣∣∣ c;m〉 = 4mσ + 2c .
On the other hand for χ1 = (n1, σ1) < χ2 = (n2, σ2) we have
‖(Eχ2χ1) | c;m〉‖2 = !
−1∏
k=0
(mn1σ1 −mn2σ2 − k) . (3.71)
Unitarity implies that the diﬀerence mn1σ1 −mn2σ2 should be a non-negative
integer. Convergence of (3.69) says that all but a ﬁnite number of mnσ should
vanish as asserted.
We see as a corollary that the minimal energy Em of an unitary irreducible
module is non-negative. It is only zero for the vacuum module for which all
mσ vanish. Furthermore, the vacuum spans a 1-dimensional representation of
u(∞):
Eχ1χ2 | c; 0〉 =
c
2
δχ1χ2 | c; 0〉 . (3.72)
The following result of [55] amounts to computing the Kac determinant [39]
for the vacuum Verma module of sp(∞,R) and restricting as a result the central
charge c to positive integer values. The null vectors for general highest weight
modules of both sp(∞,R) and u(∞,∞) are displayed in [6].
Theorem 3.6. The vacuum irreducible representation (IR) (with a minimal
energy state |c; 0〉 satisfying (3.72)) is unitary iﬀ c is a positive integer.
Sketch of proof. Let χ1 < χ2 < · · · < χn; the norm square of the vector
〈c;D(χ1, . . . , χn)| := 〈c; 0|
∣∣∣∣∣∣
Xχ1χ1 . . . Xχ1χn
. . . . . . . . .
Xχnχ1 . . . Xχnχn
∣∣∣∣∣∣ (3.73)
has the form
〈c;D(χ1, . . . , χn) | c;D(χ1, . . . , χn)〉 = B(χ1, . . . , χn) c(c− 1) . . . (c− n+ 1)
(3.74)
where B is a positive constant (independent of c). Indeed, the commutation
relations (3.60) imply that the scalar square (3.74) is a polynomial in c of de-
gree not exceeding n. On the other hand, the determinant in (3.73) vanishes
identically for V (z1, z2) given by (3.48) with N < n.
The right hand side of (3.74) is non-negative for all n iﬀ c is a non-negative
integer. In that case the “bra” (3.73) is a null vector for n = c+ 1.
The unitarity of the resulting IR for c ∈ N follows from the expression (3.48)
of V and from the unitarity of the Fock space representation of free ﬁelds.
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Thus the vacuum representation of a d = 2 ﬁeld φ(z) – and hence of a
bilocal ﬁeld V (z1, z2) related to φ by (3.29) (3.47) – satisﬁes Wightman posi-
tivity for positive integer c only. For c = N the QFT generated by φ (or V )
is an O(N) invariant subtheory of the N -fold tensor product of the Fock space
representations of a free massless scalar ﬁeld. According to a fundamental re-
sult of Doplicher and Roberts [25] one expects that the QFT representations of
sp(∞,R) for c = N are in one-to-one correspondence with the representations
of the gauge group O(N). In order to establish a result of this type one needs a
polylocal version of the determinant in (3.73). That is achieved [6] by consid-
ering an antisymmetrized normal product of N + 1 V -factors and applying the
Reeh-Schlieder theorem [65] that allows to extend the null vector condition to
any unitary positive energy representation generated by ﬁelds relatively local to
the observables (in accord with the philosophy of Haag [36]).
Alternatively, we can recover this result by reintroducing c in the deﬁnition
of the conformal Hamiltonian H by the second equation (3.66) and looking for
positive energy representations of sp(∞,R) (i.e. demanding positivity of H) and
using just Lie algebraic methods [26] [6]. In the mathematical work on lowest
weight representations of inﬁnite dimensional groups on Fock spaces (see, e.g.
[27] [67] and references therein) the integrality of c is derived from the assump-
tion that the highest weight representations of sp(∞,R) can be integrated to
representations of the metaplectic group.
As a result all QFT representations of sp(∞,R) provide local extensions of
the observable algebra generated by V (z1, z2). For instance, for c = 2, they
are of two sorts: (1) an inﬁnite series of charge ﬁeld extensions; (2) a d=3
real(“neutral”) extension. The representations of the ﬁrst type are generated






(d− 1)! : ϕ
d(z) : , ϕ(z) =
1√
2
(ϕ1(z) + i ϕ2(z)) . (3.75)
Both ψ and ψ∗ generate a unitary IR of sp(∞,R) with lowest weight vector
|c;m〉 = |2; d, 0, . . .〉 (= ψ(∗)(0) | 2; 0〉). The single nontrivial neutral extension
corresponds to a lowest weight vector |2; 1, 1, 0, ...〉 = J1(0)|2; 0〉 where Jα(z) is
the U(1) current
Jα(z) = ϕ1(z)∂αϕ2(z)− ϕ2(z)∂αϕ1(z). (3.76)
An SO(2) rotation (Rθ ϕ)1 = ϕ1 cos θ + ϕ2 sin θ, (Rθ ϕ)2 = −ϕ1 sin θ + ϕ2 cos θ
yields a U(1) gauge transformation Rθ ψ = e−iθd ψ, Rθ ψ∗ = eiθd ψ∗. The
reﬂection (ϕ1, ϕ2) → (ϕ1,−ϕ2) exchanges ψ and ψ∗ and changes the sign of J.
Clearly, the O(2) action commutes with sp(∞,R) as it leaves V (z1, z2) invariant.
Note that the ﬁeld algebra, generated by ψ and ψ∗, involves a wider extension
of the charge-zero algebra, which now involves the ﬁeld W (z1, z2) deﬁned by
(3.34) and its conjugate on top of the U(1) current J (3.76). The sp(∞,R) Lie
algebra is thus extended to u(∞,∞).
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4 Outlook and concluding remarks
Conformal QFT is not expected to be a realistic interacting theory with a
non-trivial scattering matrix. Yet, it is hoped to display some essential cha-
racteristics of such a theory, in particular the small distance behaviour, which
may help resolve the omnipresent ultraviolet problem. Not least important, it
appears to oﬀer a better chance for constructing a viable non-perturbative QFT
model than a direct assault, using constructive QFT methods, at a more realis-
tic asymptotically free theory like quantum chromodynamics. This has served
as a motivation for the work on both (complementary) attempts, surveyed here,
to construct a conformal QFT.
The developments of the 1970’s (triggered at the time by the interest in
the Bjorken scaling in deep inelastic scattering9), brieﬂy reviewed in Sect. 2,
are in our view of more than a historical interest. If for the method of OPE
and conformal partial wave expansion this is rather obvious10, it is perhaps
not superﬂuous to recall the role of anomalous dimensions in making sense of
skeleton graph expansion and in solving the conformal (bootstrap) Schwinger-
Dyson equations. We refer in this connection to D. Kreimer’s suggestion (in
Sect. 4.2 of [42]) to use the simpliﬁed Schwinger-Dyson equation in a critical
gauge QFT, at the point where the β-function vanishes. It may be also of interest
to apply these methods to the conformal super-Yang-Mills theory, regarding
the Konishi ﬁeld ([19]) of scale dimension in the interval between 2 and 3 as
fundamental.
The major part of the paper (Sect. 3 and Appendices A and B) is devoted
to a survey of recent developments in GCI QFT and to the ensuing concept
of higher dimensional vertex algebras. The chief objection which sceptics voice
towards this work is the suspicion that it may turn out to be just an exercise
in free ﬁeld theory (if one insists from the outset on Wightman positivity).
As we saw in Sect. 3.4, proving that the local ﬁeld extensions of the vacuum
representation of sp(∞,R) are generated by normal products of free ﬁelds in
the tensor product of Fock spaces is a rather non-trivial task related, as it turns
out, to a long term mathematical problem11. The study of thermal equilibrium
states with associated elliptic correlation functions and modular invariant energy
mean values [59] (a subject not touched upon in the present survey) provides
another topic in which free ﬁelds display nontrivial properties that may be of
interest to both physicists and mathematicians.
On the other hand, the study of local ﬁeld extensions of the theory of a
dimension-two scalar ﬁeld solves a problem, set up in [53]: to factor out such
a scalar ﬁeld contribution from the most promising candidate for a nontrivial
9For a survey of this work and references to the original papers – see [83], as well as [49].
10For applications to (extended) superconformal gauge theories see, e.g. [24] as well as the
review [19]; concerning their role in the study of Wightman positivity in GCI models – see
[56] and [53].
11For the latest development on the Kashiwara-Vergne (1978) decomposition of tensor pro-
ducts of the Segal-Shale-Weil (1962) representations and for references to earlier work – see
[27] [67].
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Acknowledgments. I am indebted to all my coauthors for my understanding
of the topics reviewed in this lecture. Recent discussions with Nikolay Nikolov
and Karl-Henning Rehren have been particularly valuable.
The paper was written during the author’s stay at the Institut fu¨r Theoreti-
sche Physik, Universita¨t Go¨ttingen (sponsored by an Alexander von Humboldt
Research Award) and at l’Institut des Hautes E´tudes Scientiﬁques, Bures-sur-
Yvette. It represents an extended version of a lecture given at the Renormaliza-
tion and Universality in Mathematical Physics Workshop at the Fields Institute
in Toronto (at the invitation of Dirk Kreimer). It was also presented at the 17th
Workshop ”Foundations and Constructive Aspects of QFT”at the Universita¨t
Go¨ttingen. The author thanks all these institutions for hospitality and support.
This work is supported in part by the Research Training Network of the Euro-
pean Commission under contract MRTN-CT-2004-00514 and by the Bulgarian
National Council for Scientiﬁc Research under contract Ph-1406.
26
A The conformal Lie algebra. Bases of vector
fields
A natural basis of so(4, 2) is provided by the pseudorotationsXab in R4,2 obeying
the commutation relations (CR)
[Xab, Xcd] = ηac Xbd − ηbc Xad + ηbd Xac − ηad Xbc (A.1)
for a, b, c, d = −1, 0, 1, 2, 3, 4 and ﬂat space metric tensor η of signature (4, 2):
η11 = η22 = η33 = η44 = 1 = −η00 = −η−1−1 , ηab = 0 for a = b . (A.2)
Note that the correspondence X → O(X) between the commutator action of







(where Sab are constant matrices spanning a ﬁnite dimensional representation
of su(2, 2)) given by
[X,φ(ξ)] = O(X)φ(ξ) (A.4)
provides a Lie algebra antihomomorphism
[O(X), O(Y )] = −O([X,Y ]) (A.5)
(see for details Appendix B of [58]).
The Minkowski space inﬁnitesimal translations ∂∂ xµ and special conformal
transformations x2 ∂∂ xµ − 2 xµ x · ∂∂ x are images of the so(4, 2) generators i Pµ,
iKµ, respectively,
i Pµ = −X−1µ −Xµ4 , iKµ = −X−1µ + Xµ4 (A.6)
under this correspondence (Pµ being the energy-momentum operator; both Pµ
and Kµ are self-adjoint for a unitary representation of C). The CR (A.1) imply
[Pµ,Kν ] = 2Xµν − 2 ηµν X−14 , (A.7)
where X−14 is the dilation generator,
[X−14, Pµ] = Pµ , [X−14,Kµ] = −Kµ . (A.8)
The conformal Hamiltonian
H := iX−10 =
1
2
(P0 + K0) (A.9)
is the generator of the centre of the Lie algebra so(2) × so(4) ≈ s(u(2)× u(2))
of the maximal compact subgroup S(U(2) × U(2)) of C. There is a proper
conformal transformation, the Weyl inversion w = eπX−10 , that is a rotation on
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π in the (−1, 0)-plane, such that wX04 w−1 = −X04 and hence wP0 w−1 = K0.
It follows that the spectrum of K0 coincides with the spectrum of P0. This yields
Segal’s observation [71] that the conformal Hamiltonian (A.9) is bounded below
whenever the Minkowski space energy operator P0 is. (It can be demonstrated
that the converse is also true.) On the other hand, H unlike P0 has discrete (in
fact, integer spaced) spectrum in any unitary irreducible representation of C˜.
We also use the complex Lie algebra generators Tα and Cα, corresponding
to z-translations and special conformal transformations where the z’s are the
complex variables in the realization of the future tube and the compactiﬁed
Minkowski space described in Appendix B:
Tα = iX0α −X−1α , Cα = −iX0α −X−1α , α = 1, 2, 3, 4 . (A.10)
It is readily veriﬁed that Tα, Cβ , Xαβ and H satisfy the same commutation
relations (A.7) (A.8) as i Pµ, iKν (A.6) Xµν and X−14:
[Tα, Cβ ] = 2 (δαβ H −Xαβ) , (A.11)
[H,Tα] = Tα , [H,Cα] = −Cα . (A.12)
In fact, the generators Tα, Cβ , H and Xαβ span the real euclidean conformal Lie
algebra spin (5, 1). They are conjugate in the complex conformal Lie algebra to
iPµ, iKν, X−14 and Xµν by the same complex conformal transformation gc (that
corresponds to a real euclidean rotation) which deﬁnes the compactiﬁcation map
x→ z of Appendix B.
B Global complex-variable parametrization of
compactified Minkowski space
There is a remarkable complex conformal transformation [84] [82], a rotation on
π
2 in the (0, 4) plane of C
6, which plays the role of a (Cayley) compactiﬁcation
map for real Minkowski space:






z2 := z2 + z24 =
1 + x2 + 2 i x0
1 + x2 − 2 i x0 , 2ω(x) = 1+ x
2− 2 i x0 , x2 = x2− x20 . (B.2)
The complex conjugation in complexiﬁed Minkowski space MC (which leaves M
ﬁxed) corresponds to the involution
z → z∗ = z¯
z¯2
(B.3)
which keeps M¯ ﬁxed. A real parametrization of M¯ is provided by the polar
decomposition of z:
M¯ = {zα = eit uα ; t, uα ∈ R , α = 1, 2, 3, 4 ; u2 = u2 + u24 = 1}
∼= S3 × S1/Z2 (B.4)
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(Z2 = Z/2Z). The properties of the transformation (B.1), viewed as a map from
MC to EC (= C4 equipped with a complex euclidean metric) are summarized
as follows ([58] [52]).
Proposition B.1. The rational coordinate transformation gc : MC → EC (B.1)
is a complex conformal map such that z212 =
x212
ω(x1)ω(x2)
, dz2 = dx
2
ω2(x) and the
image of the tube domain T+ (2.6) is the precompact symmetric space
T+ :=
{
z ∈ C4 ; |z2| < 1 , |z|2 =
4∑
α=1




The image of M in M¯ under the map (B.1) is the open dense subset
2ωz := 1 + z2 + 2 z4 = 2 eit(cos t+ u4) = 0 , (B.6)











− i sin t
cos t+ u4(
x2 =
1 + z2 − 2 z4
1 + z2 + 2 z4
=
cos t− u4
cos t + u4
)
. (B.7)
Note that the complex euclidean interval dz2 = dz2 + dz24 has in fact
Lorentzian signature when expressed in terms of real coordinates (like t and






2 + sin2ρ (dθ2 + sin2θ dφ2)− dt2. (B.8)
Remark B.1. The tube domain T+ (B.5) is biholomorphically equivalent to
the classical Cartan domain of the fourth type - see e.g. [72] (pp. 182-192) and
references therein.
Remark B.2. If we deﬁne the embedding M ↪→ M¯ in the manifestly covariant
















then the complex 4-vector is expressed in terms of ξ as
zα =
ξα
i ξ0 − ξ−1 =⇒ z
2 = e4πiζ =
ξ−1 + i ξ0
ξ−1 − i ξ0 . (B.10)
Introducing the euclidean variable x0E = −i x0, ξ0E = −i ξ0 and comparing
(B.9) and (B.10) we see that (B.1) indeed amounts to a real rotation in π2 in




It is a simple corollary of the counterpart of Wightman axioms for vertex
algebras (Sect. 3.1) and of Proposition B.1 that the series
ψ(z) | 0〉 =
∞∑
n,m=0
(z2)n ψ{n,m}(z) | 0〉 , z ∈ T+ (B.11)
is norm convergent and analytic.
We shall describe the free (2-component) Weyl spinor thus providing an
example of a non-scalar z-picture ﬁeld. To this end we introduce a 2× 2 matrix
realization of the quaternion units Qα (α = 1, 2, 3, 4) satisfying Q1 Q2 = Q3 =
−Q2 Q1,
Q+α Qβ + Q
+
β Qα = 2 δαβ = Qα Q
+
β + Qβ Q
+
α (B.12)
where Q+i = −Qi for i = 1, 2, 3; Q+4 = Q4. In this notation a free Weyl ﬁeld
ψ(z) is characterized by its 2-point function,








where z+ is a short-hand for Q+ · z :
z = Q · z =
(
z4 − iz3 −iz1 − z2
z2 − iz1 z4 + iz3
)
, z+ = Q+ · z =
(
z4 + iz3 iz1 + z2




As a consequence, ψ(z) satisﬁes the Weyl equation
Q · ∂
∂z




which, in turn, implies the conservation of the current
Jα(z) = i : ψ∗(z)Qα ψ(z) : . (B.16)
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